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 This paper addresses the problem of robust altitude and attitude control 
of ‘×’ mode configuration quadrotor UAV using Lyapunov stability 
based sliding mode control with saturation function. The dynamic 
model of the quadrotor was derived by considering nonlinearity factor. 
MATLAB Simulink was used to simulate the model in two different 
conditions; without and with the presence of external disturbance. This 
was done to test the robustness of the control method. Simulation 
results showed that the sliding mode controller provides good 
performance and robustness against disturbance. 
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1. INTRODUCTION  

Quadrotor as shown in Figure 1 has capabilities in vertical take-off and landing (VTOL), omni-
directional flying, and easy hovering performances in limited spaces. When compared to terrain mobile robot, 
quadrotor can cover mission at most range due to its capability to mobilize in environment with many obstacles. 
Furthermore, advancement in MEMS technology [1-4] and rapid prototyping technology had enabled the 
quadrotor to posses the simplest electronics and mechanical structural design. Therefore, quadrotor can always 
be considered for research with wide applications and various tasks such as civil, commercial, calamity, 
meteorological observation, agricultural, military related such as surveillances, reconnaissance and 
communication [5-7] as well as educational purposes [8]. 

As helicopter family, quadrotor can be controlled by varying the rotor speeds. For instance, to 
eliminate the anti-torque during manuaver, quadrotor configuration can be set up as followed; 1) two diagonal 
motors (1 and 2) are running in the same direction (counter clock wise) and 2) the other set of motors (3 and 
4) in the other direction (clock wise) [9, 10].  

However, quadrotor is an underactuated multi-input and multi-output system which has nonlinear 
dynamic behavior such as high coupling degree and unknown nonlinearities. These features make the control 
side of the quadrotor to be a challenging problem. Therefore, for a quadrotor to accomplish desired task, a 
robust capability of autonomous flight is required to maintain its stability in terms of attitude and navigation 
control [11]. Hence, most researchers encountered the greatest challenge in practical applications for flight 
controller design due to the very nonlinear quadrotor dynamics which were affected by the parametric 
uncertainties and external disturbances [12, 13]. 
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There has been many interest pertaining the use of sliding mode control for quadrotors and other 
VTOL vehicles. For example, [14] presented a controller for quadrotor that was split into two parts; 1) the 
sliding mode controller was applied to the attitude of the system, 2) a Proportional-Derivative controller was 
applied to the altitude and trajectory control of the system. Meanwhile, [15] compared between PD and SMC, 
[16] compared between PID and first order SMC, while [17] compared between second order SMC to controller 
developed in [10]. In [18], it applied a SMC driven by SMC disturbance observer for a small quadrotor vehicle. 
However, majority of the researchers used plus (+) mode configuration model for quadrotor UAV.In this paper, 
a sliding mode control using saturation function were chose as it is known for its robustness against unmodeled 
dynamics, parametric uncertainties and external disturbances. We also consider the robust altitude and attitude 
tracking control of a quadrotor with (×) mode configuration with respect to external disturbance.  

This paper is organised as follows. Section II describes the dynamic model of quadrotor in (×) mode 
configuration, design of the SMC for both attitude and altitude control of the quadrotor. Section III then 
presents simulation results of SMC controllers without and with the presence of external disturbance. 
Meanwhile, Section IV the conclusion of the paper. 

 
 

 
 

Figure 1. Inertial coordinate systems and body-fixed frame for ൈ-mode configuration quadrotor 
 
 
2. RESEARCH METHOD 

The following assumptions were used for modelling simplification [19]. 
a. The quadcopter was assumed as a rigid body. 
b. The structure of quadrotor was assumed to be symmetrical with respect to the XY-axis.  
c. The centre of mass and the origin of the body fixed frame are coinciding. 
d. The propellers are considered as rigid and no blade flapping occurs. 
e. The four propellers worked under the same conditions at any time, meaning that thrust coefficient, 𝑏 and 

reaction torque coefficient, 𝑑 are the same for all propellers. 
 

Based on Figure 1, the relation of quadrotor body reference frame ሼ𝐵ሽ, respected to earth reference 
frame ሼ𝐺ሽ must satisfy ሼ𝐵ሽ் ൌ 𝑅் ൈ ሼ𝐺ሽ். Hence, the coordinate of quadrotor is described as followed: 

 
𝜒 ൌ ሾ𝑥, 𝑦, 𝑧ሿ் 𝜖 ℝଷ        (1) 
 
Υ ൌ ሾ𝛼, 𝛽, 𝜑ሿ் 𝜖 ℝଷ        (2) 

 

𝑅் ൌ ൦

𝐶𝜑𝐶𝛽 െ𝑆𝜑𝐶𝛼 ൅ 𝐶𝜑𝑆𝛽𝑆𝛼 𝑆𝜑𝑆𝛼 ൅ 𝐶𝜑𝑆𝛽𝐶𝛼

𝑆𝜑𝐶𝛽 𝐶𝜑𝐶𝛼 ൅ 𝑆𝜑𝑆𝛽𝑆𝛼 െ𝐶𝜑𝑆𝛼 ൅ 𝑆𝜑𝑆𝛽𝐶𝛼

െ𝑆𝛽 𝐶𝛽𝑆𝛼 𝐶𝛽𝐶𝛼

൪    (3) 

 
where, vector 𝜒 in (1) denotes the position of the quadrotor, while vector Υ in (2) denotes the attitude 

of the quadrotor. From (3) defines the rotation matrix 𝑅், where, 𝑆 and 𝐶 stands for trigonometric operators 
‘sine’ and ‘cosine’ respectively. Table 1 Shows ൈ-mode configuration quadrotor’s parameter used in this 
simulation [20]. 
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The quadrotor dynamics in (4) and (5) are expressed using Newton-Euler translational and rotational 
dynamics formulation, where, 𝑔 is gravitational coefficient, 𝑙 is lateral arm length and 𝐸௭ vector matrix of  
z-axis is defined as ሾ0 0 1ሿ். 𝐼 is the moments of inertia for the quadrotor, a diagonal matrix 3-by-3 and defined 

as 𝐼 ൌ 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙ൣ𝐼௫௫ 𝐼௬௬ 𝐼௭௭൧
்
. 𝐽௥ is rotor inertia, Ωௗ is total rotor speeds and lastly, 𝑈ଵ, 𝑈ଶ, 𝑈ଷ and 𝑈ସ are used 

as control inputs.  
 

𝑚χሷ ൌ 𝑚𝑔𝐸௭ ൅ 𝑈ଵ𝑅்𝐸௭        (4) 
 
𝐼Υሷ ൌ െΥ ൈ 𝐼Υ െ 𝐽௥ሺΥ ൈ 𝐸௭ሻ𝛺ௗ ൅ ሾ𝑈ଶ 𝑈ଷ 𝑈ସሿ்     (5) 

 
Finally, by expanding (4) and (5), equation of translation dynamics and rotational dynamics for the 

quadrotor can be formulated as: 
 

𝑥ሷ ൌ ௎భ

௠
ሺ𝑆𝜑𝑆𝛼 ൅ 𝐶𝜑𝑆𝛽𝐶𝛼ሻ    

𝑦 ൌ ௎భ

௠
ሺെ𝐶𝜑𝑆𝛼 ൅ 𝑆𝜑𝑆𝛽𝐶𝛼ሻ   

𝑧ሷ ൌ 𝑔 ൅ ௎భ

௠
ሺ𝐶𝛽𝐶𝛼ሻ        (6) 

 

𝛼ሷ ൌ ቀ
ூ೤೤ିூ೥೥

ூೣೣ
ቁ 𝜑ሶ 𝛽ሶ െ ቀ௃ೝఆ೏

ூೣ ೣ
ቁ 𝛽ሶ ൅ ቀ ௟

ூೣೣ
ቁ 𝑈ଶ  

𝛽ሷ ൌ ൬
ூ೥೥ିூೣೣ

ூ೤೤
൰ 𝜑ሶ 𝛼ሶ ൅ ൬

௃ೝఆ೏

ூ೤೤
൰ 𝛼ሶ ൅ ൬

௟

ூ೤೤
൰ 𝑈ଷ  

𝜑ሷ ൌ ቀ
ூೣೣିூ೤೤

ூ೥೥
ቁ 𝛽ሶ𝛼ሶ ൅ ቀ

ଵ

ூ೥೥
ቁ 𝑈ସ       (7) 

 
with thrust coefficient, 𝑏 and drag coefficient, 𝑑, the inputs are mapped by: 
 

𝑈ଵ ൌ 𝑏ሺ𝛺ଵ
ଶ ൅ 𝛺ଶ

ଶ ൅ 𝛺ଷ
ଶ ൅ 𝛺ସ

ଶሻ  

𝑈ଶ ൌ ௕

√ଶ
ሺെΩଵ

ଶ ൅ 𝛺ଶ
ଶെ𝛺ଷ

ଶ ൅ Ωସ
ଶሻ  

𝑈ଷ ൌ ௕

√ଶ
ሺെΩଵ

ଶ ൅ 𝛺ଶ
ଶ൅𝛺ଷ

ଶ െ Ωସ
ଶሻ  

𝑈ସ ൌ 𝑑ሺ𝛺ଵ
ଶ ൅ 𝛺ଶ

ଶ െ 𝛺ଷ
ଶെ𝛺ସ

ଶሻ       (8) 
 

 
Table 1. Shows ൈ-mode configuration quadrotor’s parameter used in this simulation [20] 

Specification Parameter Unit Value
Quadrotor mass 𝑚 𝑘𝑔 1.033 

Lateral moment arm 𝑙 𝑚 0.225 
Thrust coefficient 𝑏 𝑁𝑠ଶ 2.8625x10-7 
Drag coefficient 𝑑 𝑁𝑚𝑠ଶ 4.4212x10-10 

Rolling moment of inertia 𝐼௫௫ 𝑘𝑔𝑚ଶ 0.0183 
Pitching moment of inertia 𝐼௬௬ 𝑘𝑔𝑚ଶ 0.0183 
Yawing moment of inertia 𝐼௭௭ 𝑘𝑔𝑚ଶ 0.0385 

 
 
2.1.  Controller design 

The dynamic model in (6) and (7) can be represented into nonlinear dynamic equation described as: 
 

𝑋ሷ ൌ 𝑓ሺ𝑋ሻ ൅ 𝑔ሺ𝑋ሻ𝑈        (9) 
 

where 𝑈 ൌ ሾ𝑈ଵ 𝑈ଶ 𝑈ଷ 𝑈ସሿ், and 𝑋 ൌ ሾ𝑥 𝑦 𝑧 α β φሿ் were the input, and state respectively. From (6) 
and (7), the nonlinear dynamic function 𝑓ሺ𝑋ሻ and nonlinear control function 𝑔ሺ𝑋ሻ matrices can be written 
accordingly as: 
 

𝑓ሺ𝑋ሻ ൌ

⎝

⎜
⎜
⎜
⎛

0
0
𝑔

𝑎1𝜑ሶ 𝛽ሶ ൅ 𝑎2Ω𝑑𝛽ሶ

𝑎3𝜑ሶ 𝛼ሶ ൅ 𝑎4Ω𝑑𝛼ሶ

𝑎5𝛽ሶ 𝛼ሶ ⎠

⎟
⎟
⎟
⎞
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𝑔ሺ𝑋ሻ ൌ

⎝

⎜
⎜
⎜
⎜
⎛

𝑢𝑥
1
𝑚 0 0 0

𝑢𝑦
1
𝑚 0 0 0

𝑢𝑧
1
𝑚 0 0 0

0 𝑏ଵ 0 0
0 0 𝑏ଶ 0
0 0 0 𝑏ଷ⎠

⎟
⎟
⎟
⎟
⎞

       (10) 

 

where 𝑎ଵ ൌ
ூ೤೤ିூ೥೥

ூೣೣ
, 𝑎ଶ ൌ െ ௃ೝ

ூೣೣ
, 𝑎ଷ ൌ ூ೥೥ିூೣ ೣ

ூ೤೤
, 𝑎ସ ൌ ௃ೝ

ூ೤೤
, 𝑎ହ ൌ

ூೣ ೣିூ೤೤

ூ೥೥
, 𝑏ଵ ൌ ௟

ூೣೣ
, 𝑏ଶ ൌ ௟

ூ೤೤
 and 𝑏ଷ ൌ ଵ

ூ೥೥
. 

A sliding surface is defined as: 
 

𝑠 ൌ 𝑒ሶ ൅ 𝜆𝑒         (11) 
 

Commonly, 𝑠ሶ will be represented as 𝑠ሶ ൌ െ𝑘𝑠𝑔𝑛ሺ𝑠ሻ where 𝑘 is positive constant and signum function 
is defined as: 

 

 𝑠𝑔𝑛ሺ𝑠ሻ ൌ ൝
൅1  𝑠 ൐ 0
0     𝑠 ൌ 0
െ1  𝑠 ൏ 0

        (12) 

 
In practice, switching control law, needs high frequency to switch across the surface which caused 

oscillation within switching surface. This effect is called chattering phenomenon as shown in Figure 2. 
 
 

 
 

Figure 2. Chattering phenomenon on sliding surface 
 
 
In order to reduce the chattering effects, a boundary method is applied by replacing the signum 

function with saturation function. The saturation function was defined as (13), where boundary layer was 
bounded by 0 ൏ 𝜙௕ ൏ 1. Figure 3 illustrates the saturation function in sliding surface. 

 

𝑠𝑎𝑡ሺ𝑠ሻ ቐ

െ1                     𝑠 ൏ െ𝜙௕
௦

థ್
      െ 𝜙௕ ൑ 𝑠 ൑ 𝜙௕

1                      𝑠 ൐ 𝜙௕

      (13) 

 
 

 
 

Figure 3. Boundary layer to minimize chattering phenomenon 
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2.2.  Altitude control 

By making 𝑠ሶ ൌ െ𝑘𝑠𝑎𝑡ሺ ௌ

థ್
ሻ, where 𝑘 is the coefficient of exponential approach law and must be 

greater than zero, 𝑘 ൐ 0. The corresponding control law is designed as: 
 

𝑠ሶ ൌ ሺ𝑧ሷௗ െ 𝑧ሷሻ ൅ 𝜆௭ሺ𝑧ሶௗ െ 𝑧ሶሻ       (14) 
Rearrange (6) and (15) for the control law gives: 

 

𝑈ଵ ൌ ௠

௨೥
ቆ𝑧ሷௗ െ 𝑔 ൅ 𝜆௭ሺ𝑧ሶௗ െ 𝑧ሶሻ ൅ 𝑘௭𝑠𝑎𝑡 ቀ ௦

థ್
ቁቇ     (15) 

 
2.3.  Attitude control 

In this section, same technique for guaranteed stability was designed using error tracking and same 
sliding manifolds defined as: 

 
𝑒ఈ ൌ 𝛼ௗ െ 𝛼  
𝑒ఉ ൌ 𝛽ௗ െ 𝛽  
𝑒ఝ ൌ 𝜑ௗ െ 𝜑         (16) 
 
𝑠ఈ ൌ 𝑒ሶఈ ൅ 𝜆ఈ𝑒ఈ  
𝑠ఉ ൌ 𝑒ሶఉ ൅ 𝜆ఉ𝑒ఉ  
𝑠ఝ ൌ 𝑒ሶఝ ൅ 𝜆ఝ𝑒ఝ         (17) 

 
The control input can then be obtained after (7), (17) and (18) are rearranged and described as: 
 

𝑈ଶ ൌ ଵ

௕భ
ቆ𝛼ሷௗ െ 𝑎ଵ𝜑ሶ 𝛽ሶ െ aଶ𝛽ሶ ൅ 𝜆ఈሺ𝛼ሶௗ െ 𝛼ሶ ሻ ൅ 𝑘ఈ𝑠𝑎𝑡 ቀ௦ഀ

థ್
ቁቇ  

𝑈ଷ ൌ ଵ

௕మ
ቆ𝛽ሷ

ௗ െ 𝑎ଷ𝜑ሶ 𝛼ሶ െ 𝑎ସ𝛺ௗ𝛼ሶ ൅ 𝜆ఉ൫𝛽ሶ
ௗ െ 𝛽ሶ൯ ൅ 𝑘ఉ𝑠𝑎𝑡 ቀ

௦ഁ

థ್
ቁቇ  

𝑈ସ ൌ ଵ

௕య
ቆ𝜑ሷ ௗ െ 𝑎ହ𝛽ሶ𝛼ሶ ൅ 𝜆ఝሺ𝜑ሶ ௗ െ 𝜑ሶ ሻ ൅ 𝑘ఝ𝑠𝑎𝑡 ቀ

௦ക

థ್
ቁቇ     (18) 

 
2.4.  Stability 

Lyapunov function can be assumed as: 
 
𝑉ሺ𝑠௜ሻ ൌ ଵ

ଶ
𝑠௜

ଶ ሺ𝑖 ൌ 𝑧, 𝛼, 𝛽, 𝜑ሻ       (19) 

 
Derivation of (20) gives: 

 
𝑉ሶ ሺ𝑠௜ሻ ൌ 𝑠௜𝑠ሶ௜         (20) 

 
Replacing 𝑠ሶ௜ ൌ െ𝑘𝑠𝑎𝑡ሺ ௦೔

థ್
ሻ into (21) gives: 

 

𝑉ሶ ሺ𝑠௜ሻ ൌ 𝑠௜𝑠ሶ௜ ൌ െ𝑠௜𝑘𝑠𝑎𝑡 ቀ ௦೔

థ್
ቁ ൏ 0       (21) 

 
Therefore, if 𝑉ሶ ሺ𝑠௜ሻ ൏ 0, so 𝑠௜𝑠ሶ௜ ൏ 0 the sliding condition will be verified and guaranteed by  

Lyapunov stability. 
 
 
3. RESULT AND ANALYSIS 

A control using sliding mode with saturation function switching control law were simulated for 
altitude and attitude control of quadrotor UAV. Figure 4 shows the result of altitude and attitude control where 
the initial altitude 𝑧, is set to zero and the desired height is set at 10 meters. Whereas initial attitude, 
𝜂 ൌ ሾ0.2 0.2 0.2ሿ for roll, pitch and yaw respectively were set in radian and desired point of 𝜂 was set to zero 
attitude stabilization. 
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Figure 4. Altitude and attitude control without disturbances 
 
 

The simulation was then performed with the model external disturbances. The model in (9) was 
augmented to: 

 
𝑋ሷ ൌ 𝑓ሺ𝑋ሻ ൅ 𝑔ሺ𝑋ሻ𝑈 ൅ 𝑑        (22) 
 
Where 𝑑 is unknown external disturbance vector. For this simulation the external disturbance, 𝑑 is 

taken as normal gaussian noise [15]: 
 
𝑑 ൌ ሾ𝒩ሺ0,0.5ሻ 𝒩ሺ0,0.5ሻ 𝒩ሺ0,0.5ሻ 𝒩ሺ0,0.5ሻሿ     (23) 

 
Figure 5 shows the performance of quadrotor UAV with SMC controller with external disturbances 

in the form of normal gaussian noise. It indicates that with the appearance of disturbance, SMC controller with 
saturation function still give fast response with slight amount of oscillation. However, the control inputs were 
sensitive to the noise especially at 𝑈ଵ after 2.5 seconds period as shown in Figure 6. 
 
 

 
Figure 5. Altitude and attitude control with the presence of disturances 
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Figure 6. Sliding mode control inputs with the presence of disturbances 
 
 
The performance of the proposed method was compared with a method published in [21]. As 

compared to a discrete PID and nonlinear model predictive Control (MPC) that had been implemented in [21], 
the simulation results showed that the quadrotor UAV can be stabilized at the desired altitude and attitude with 
minimum chattering problem in control effort. In robustness test (presence of external disturbances), [21] used 
uniform random noise while in this paper used normal gaussian noise. Both discrete PID and MPC in [21] and 
SMC in this paper have shown good performance of quadrotor. However, SMC shows better response without 
overhoot or undershoot compared to [21]. 
 
 
4. CONCLUSION 

This paper present altitude and attitude control using nonlinear sliding mode control using saturation 
function. The simulation results demonstrate the quadrotor UAV can stabilize at the desired altitude and attitude 
with minimum chattering problem in control effort. In the test with presence of external disturbances, SMC 
controller performs well. For a future work, the sliding mode using Gao’s power rate reaching law and tanh 
function can be simulated to see the robustness of the control technics while reducing the chattering 
phenomenon. 
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