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1. INTRODUCTION

Modeling of ground waves in three-dimensional (3D) environment is a major planning and design
problem in communications and radar systems. This is because it gives a complete picture of the field variation
in all directions at any desired point. Ground waves depend on characteristics of the terrain, environment, and
the atmosphere lower layers.

One important and effective method used to model wave propagation is based on the parabolic
equation (PE) [1]-[2]. This is because it provides complete wave solution for the field in the existence of terrain
and environment that dependent on range, altitude, and width. Also, the solution of PE exhibit excellent
robustness and accuracy for complicated problems involving 3D varying in troposphere refractive index.

A few 3-D implementations based on PE are found in the literature [3]-[11]. These methods have been
applied only over restricted specification of an environment. Other environments and/or parameters that affect
the propagation such as the refractive index for the troposphere, mixed surfaces environment, and forest
environment have been ignored and/or not considered or tested.
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In this paper, the 3D PE is solved via higher order approximation of finite difference method (FDM)
to model wave propagation over different types of terrains and environments under 3D conditions.

2. RESEARCH METHOD
2.1. The parabolic equation
Figurel shows the 3D environment to be considered. The 3D PE is defined by [10]:

a%f | 9%f . Of
§+ﬁ+2]koa+k§(n2—1)f=0 (1)
where x, y, and z are the range, altitude and width coordinates, k, = w/c is the free space wave number with
w = 2mf, isthe angular frequency with £. is the frequency and ¢ = 3 x 108m/sec is the speed of light, and n
is the refractive index. Incorporating the effect of the troposphere and forest in (1) is done through n. For the
troposphere, it is done via the relation between modified refractive index M and the refractive index n as

M(x,y,z) = (n(x,y, z)—1+ g) 106 where a is the earth radius taken to be 6371Km and y is the altitude in

Km. For standard refractivity dM (x,y, z)/dy = 0.118 M-units per meter. Incorporating the forest will be
discussed in section 2.5.3. Equation (1) is limited to propagation angles less than 15° above or below the local
horizontal.

The transverse boundary condition (BC) over Earth’s surface is a mixed BC expressed as

(alaa—y + az)f(x,y,z) =0 2

where a; and a, are constants. For lossy Earth’s surface, ay =1, a, = jkgve—1 and a; =1, a, =
jkoVe — 1/¢ for horizontal polarization (HP) and vertical polarization (VP), respectively where € = ¢, +
j60a,4 with €., and g, are relative permittivity and conductivity of the surface ground at range x and width
z,and 1 = c/f, is the wave length. For the perfectly electrical conductor (PEC) surface, @; = 0 corresponding
to the HP and a, = 0 corresponding to the VP.

1. Flat and non-flat terrain.
2. Mixed path with a different electrical
characteristic.

3. Forest.

4. Standard and non-standard conditions of
the troposphere.

Antenna

Figure 1. The 3D propagation area.

2.2. Solution of 3D PE using higher order FDM
Basically, solving (1) with BC (2) using higher order FDM requires the following steps:
Step 1: Dividing the solution region into a grid of nodes as shown in Figure 2.
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Figure 2. (a) Continuous function f(x,y,z). (b) The discrete version of f(x,y,z).
Step 2: Approximate the derivatives in (1) by finite difference [12] as follows:
The first derivative of f(x,y, z) at x is given by
of (x,y,2) I, ~ flx,y,2)—-f(x—Ax,y,z) _ fijk=fi-1jk (3.3)
ox x Ax Ax )
f(xyz) | 3f(xyz)-4f(x—Axy,z)+f(x=28xy,2) _ 3fijk—4fi-vjktfi-2jk 3b
ox |x - 2Ax - 2Ax ( ! )
6f(x,y,2)| _ 11f(xy,2)-18f (x—Ax,y,2)+9f (x—2Ax,y,2) —2f (x=3Mx,y,2) _ 11fi;k—18fi—1,jk+t9fi-2jk—2fi-3,jk (3.c)
ox x = 6Ax - 6Ax '
The second derivative of f(x,y,z) at y is given by
% f(x.y.2) |, ~ [y +hy2)=2f (ry,2)+f (y=8y2) _ fijsik=2fijk+fij-1k (4.2)
ayz Y (4y)? @y)? '
azf(x,y,z)l ~ —f(x,y+20y,2)+16f (x,y+Ay,z)—30f (x,y,2)+16f (x,y—Ay,z)—f (x,y—2Ay,Z)
ayz Y 12(Ay)?
—fij+2k+t16fij+1,k=30fijk+16f;j—1k—fij-2k (4.b)
12(Ay)? '
The second derivative of f(x,y, z) at z is given by
% f(x,y.2) I, ~ [y z+8z)-2f (oy ) +f (xy,z=02) _ fijk+1=2f ikt ijje-1 (5.3)
9z2 z (Az)? (Az)? '
%f(x,y,2) I, ~ —f(x,y,2+2A2)+16f (x,y,2+Az)—-30f (x,y,2) +16 f (x,y,2—Az)— f (x,y,2—2Az)
0z2 z 12(Az)2
—fijk+2+16fi jk+1=30fijk+16f;jk—1—Fijk-2 (5.b)

12(Az)2
Step 3: Combine (3.c), (4.b) and (5.b) with (1) as

—fijk+2+16fijk+1=30fijk+16f;;k—1—Fijk-2 n —fij+2,k+16fij+1k=30f;jk+16f;j—1k=fij-2k
12(Az)? 12(Ay)?
11f;jk=18fi—1,jk+9fi—2,jk=2fi-3jk 202
obx + ko(n - 1)fi,j,k = 0 .

+

2jko

Multiply above equation by %ﬁ

1 6Ax —fijk+2t16fijk+1-30F ik +16fijk—1—Fijk-2 |, 1 6Ax —fij+2,kt16fj+1k~30fijkt+16fj-1k—Fij-2k
112jkg 12(Az)2 11 2jkg 12(Ay)?

18 9
Tficvik t T fiz gk — fz ikt o ki = Dfij=0.

+ fijk—

Put the previous values of f in one side and the future value of f in the other side of the equation
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1 6Ax fl,]k+2+16fljk+1_30fljk+16f1]k 1~ fljk 2

—f iy — —fi 5 +—Ffi_ o = +

11fl Ljk 11fl 2,jk 11fl 30k T 11 2jkg 12(Az)?

1 6Ax —fij+2k+t16fij+1,k=30fijr+16f;j—1k—fij-2k 1 6Ax k 2_1 1 6
T 2 ——kiM* =1 +1)fixr (6)
11 2jkg 12(Ay) 11 2jkg

From (6), it is clear the present value of f depends on the three previous values of f.

Step 4: Write (6) in matrix form as

1 6Ax 1 6Ax 1 6Ax
e DA + e DR + (G5 k2 = D + 1) 1] = [g] )
fi,1,1 18 fl 1 1,1 fl 2 1,1 2 fi—3,1,1
where [f]=| ¢ |, [gl=— : , [I] is the identity matrix, M and N are
11
fiMN fl 1,M,N leMN fl 3,M,N
the last pomt on the grid in the y and z directions, [D2?] is a sparse matrix with values > on the main
diagonal, —— on first diagonal above and below the main dlagonal 12_ on second dlagonal above and
below the main dlagonal and [DZ] is a sparse matrix with values —= on the main diagonal, —; on the M
diagonal above and below the main diagonal, and > on the ZM‘h diagonal above and below the main

diagonal. Note that the elements in [Dy] and [D2] are f|IIed using (4.b) and (5.b) respectively. Also, zero is put
in place of any point outside the grid.

Step 5: Factor out [f] to put (7) in standard form Af=g. Equation (7) becomes

(G021 + 5 (D3] + (G kdm? = 1) + 1) 1) [f] = [g]

112jko 11 2jko 11 2jk,
Where,
LGA_X 1 6Ax 1 6Ax 2 ) )
(112]k [D7] 112]k Y] (112]k kg (n 1) +1)][1]

Step 6: Incorporate BCs, i.e. (2), into A using the following steps:
a. For each row in A that corresponds to a boundary point, replace entire row with 0’s as
i. For surface BC, the rows numbers are n=(MxN-M+1):1: MxN.
b. Apply the BCs as
i. ForHPBC:
1. Insertalinto the [A],, where n is equal to the same rows numbers in (a).
2. Place the boundary value C in the same rows numbers of g.
ii. For mixed BC:

1. ltis at the surface. Equation (2) is in FDM = % + y. Therefore, insert é + y into the

[A]n. and — ﬁ into the [A], ,+» Where n is equal to the same rows numbers in (a.(i)).

2. Place the boundary value C in the same rows numbers of g.
iii. VP BC is mixed BC with y = 0.

Step 7: Solve the matrix equation [A][f] = [g].

Note that to be able to use (7), the values of f; ; ., f> jx, and f3 ; , have to be known. f; ; , is the initial values
of the field which obtained via antenna’s pattern. To find f; ; ,, we re-derive (7) by replacing (3.c) by (3.a).
The solution for the new equation will be f; ; ... In the same manner f; ; , is found. We re-derive (7) by replacing
(3.¢) by (3.b). The solution for the new equation will be f; ; .. After that, (7) can be used to solve the problem.

2.3. Upper and sides boundaries
Since the propagation problem unbounded when y—o0, z— -0 and z—o0, an absorption BC is required
at specific height and width. Perfectly Matched Layer method is used in this paper for that purpose [13].
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2.4. Initial field
The initial field in the spatial domain can be represented as f(0,y,z) = A0,y — ys,z — z5) +
rA*(0,y + ys, z + z,), where A is antenna aperture distribution, A* is the image antenna aperture distribution,
v, and z, are the location of the antenna from the origin in y and z directions respectively, and T is the reflection
.. _ . __ sinf-ye—cos?6
coefficient. For PEC, I' = —1, and 1 for HP and VP respectively. For lossy ground, T' = PRI e for HP

£sin 8-+ e—cos?6

and N = ————
£sin 8+ e—cos?6

for VP where 6 is the angle of incidence.

2.5. Different types of terrains and environments
2.5.1. Non-flat terrain

The approach used here is presented in [2]. First, a sequence of down and up stair steps approximates
the irregular terrain. Then, on each step, the perpendicular field is evaluated in the normal way, forcing the
chosen BCs on the ground surface. Finally, zeros are placed inside the field values of the terrain.

2.5.2. Mixed path

In some real environments, the wave propagates over several types of ground sections in such a way
that each section has different electrical characteristics. To deal with such environment, update and fix
electrical characteristic within the boundary, i.e. (2), of each section in the solution.

2.5.3. Forest environment

Two approaches are used to include forest environment to the PE. The first approach approximates
the forest by one dielectric slab as shown in Figure 3.a [14]. This approach is useable for frequency range from
20 to 200MHz. The other approach approximates the forest by three dielectric slabs; ground, trunk, and canopy
slab as shown in Figure 3.b. [15]. This model is valid for frequency band from 200MHz to 2GHz. The dielectric
slab for both models is given by complex refractive index n = /e, — jo/we, wWhere ¢, and o are relative
permittivity and conductivity of forest dielectric slab layer respectively.

Layer 1  Troposphere Layer 1  Troposphere

Layer2 Canopy (g,, , 05)

Layer 2  Canopy (&, , 05)
Layer3 Trunk (g5, 03)

Layer 4 Ground (g,4 , 04)
(a) (b)
Figure 3. (2) Model of 1-layer. (b) Model of 3-layers.

3. RESULTS AND DISCUSSION
To validate the proposed method, the mean square error (MSE) is calculated for the proposed approach
which is define as

D i

MSE=
ZL [y

®)

where RfDM and R].ref are the results that have been gotten from higher order FDM and a reference solution of

the parabolic equation respectively. The two-dimensional (2D) Fourier split-step (FSS) solution method is used
as a reference solution.

3.1. Propagation over perfectly flat surfaces under standard and non-standard atmosphere

The propagation of a HP electromagnetic (EM) wave radiated by an omni-directional antenna over
PEC flat surface under standard atmosphere (M(x,y,z) = 0.118y) and non-standard atmosphere (dM(x,y,z)
/0y=0.3 for 0<y<50, OM(X,y,z) /oy=-0.15 for 50<y<150, and oM(x,y,z) /0y=0.118 for y>150) are shown in Figure
4 and Figure 5, respectively. The antenna is located at height of 100 m in the y-direction and OKm in the z-
direction, and it operates at 1 GHz. The maximum range and width are 200Km. The coverage diagram of field

Three-Dimensional Modeling of Wave Propagation over Different Types... (Mohammad Ahmad et al)
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at the middle (cross section 0<x<200Km, 0<y<300m, and z=0Km) is shown in Figure 4.a and Figure 5.a
respectively. The field as a function of height at ranges 50, 100, 150, and 200Km from the transmitter is shown
in Figure 4.b and Figure 5.b respectively. Also, the field as a function of range at heights of 100, 200, 300, and
400m from the surface is shown in Figure 4.c and Figure 5.c respectively. The results are compared with 2D
FSS. Excellent agreement appears between the results and MSE = 9.46 x 10~° for Figure 4 and MSE=
8.43 x 107 for Figure 5.
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Figure 4. (a) Coverage diagram of the field. (b) The Figure 5. (a) Coverage diagram of the field. (b) The
field as a function of height. (c) The field as a field as a function of height. (c) The field as a
function of range. function of range.

3.2. Propagation over finitely mixed flat surfaces

The propagation of a HP EM wave radiated by Gaussian antenna over mixed path; sea-land-sea, with
electrical characteristics, &, ¢oq = 80, 0gq = 5 siemens/m, &, ;znqa = 10, and ;4,4 = 0.002 siemens/m, is
shown Figure 6. Each segment has a length of 5Km. The antenna is located at a height of 100 m in the y-
direction and OKm in the z-direction, and it operates at 30 MHz with beamwidth and elevation angles in both
y and z directions are equal to 1° and 0° respectively, with refractive index of 1 (free space). The coverage
diagram of field at the middle (cross section 0<x<15Km, 0<y<500m, and z=0Km) is shown in Figure 6.a. The
field as a function of height at ranges 2.5, 7.5, and 12.5Km from the transmitter is shown in Figure 6.b and
compared with 2D FSS. Also, the field as a function of range at heights of 100, 200, 300, and 400m from the
surface is shown in Figure 6.c and compared with 2D FSS. The MSE = 2.95 x 107,
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3.3. Propagation over non-flat terrain

The propagation of a HP EM wave radiated by Gaussian antenna over PEC non-flat terrain surface is
shown Figure 7. The antenna is located at a height of 100m in the y-direction and OKm in the z-direction, and
it operates at 300 MHz with beamwidth and elevation angles in y and z directions are 1° and 0° respectively,
with refractive index of n=1 (free space). The maximum range and width are 50Km. The coverage diagram of
field at the middle (cross section 0<x<50KM, 0<y<500m, and z=0Km) is shown in Figure 7.a. The field as a
function of height at ranges 10, 20, 30, 40, and 50Km from the transmitter is shown in Figure 7.b and compared
with 2D FSS. Also, the field as a function of range at heights of 100, 200, 300, and 400m from the surface is
shown in Figure 7.c and compared with 2D FSS. The MSE = 6.37 x 107,
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Figure 6. (a) Coverage diagram of the field. (b) The
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Range (Km}
(c)

Figure 7. (a) Coverage Diagram of the field. (b) The
field as a function of height. (c) The field as a

function of range. function of range.

3.4. Forest environment

The propagation loss (PL) (defined as the ratio between the power radiated by the transmitting antenna
and the power which would be available at the receiving antenna) of HP EM wave radiated by omni-directional
antenna operating at 50MHz located at a height of 5m and OKm in the y and z directions respectively, with
M(x,y,z) = 0.118y outside the forest is shown in Figure 8. The maximum range is 40Km and the forest extends
from 0 to 40Km in x and z directions. The altitude of the trees is 18m. The relative permittivity for the forest
is &, = 1.5 and the conductivity is ¢ = 1 x 10~3 siemens/m. The coverage diagram of the PL at the middle
(cross section 0<x<40Km, 0<y<100m, and z=0Km) is shown in Figure 8.a. The PL as a function of height at
ranges 10, 20, 30, and 40Km from the transmitter is shown in Figure 8.b and compared with 2D FSS. Also, the
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PL as a function of range at heights of 20, 40, 60, and 80m from the surface is shown in Figure 8.c and compared
with 2D FSS. The MSE = 4.03 x 107°.

Next, the field of HP EM wave radiated by omni-directional antenna operating at 1GHz located at a
height of 30m and OKm in the y and z direction respectively, with M(x,y,z) = 0.118y outside the forest is shown
in Figure 9. The maximum range and width are 5Km. The forest extends form OKm to 5Km in x and z directions
respectively. The altitude of the trees is 25m. The electrical characteristics for the forest are assumed to be
& = 20,0 = 10 x 1073 siemens/m for the ground, &, = 1.03, ¢ = 0.03 x 1073 siemens/m for the trunk with
15m height, and &, = 1.12, o = 0.12 x 1073 siemens/m for the canopy with 10m height. The coverage
diagram of PL at the middle (cross section 0<x<5Km, 0<y<100m, and z=0Km) is shown in Figure 9.a. The PL
as a function of height at ranges 1, 2, 3, and 4Km from the transmitter is shown in Figure 9.b and compared
with 2D FSS. Also, the PL as a function of range at heights of 20, 40, 60, and 80m from the surface is shown
in Figure 9.c and compared with 2D FSS. The MSE = 1.22 x 107,
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Figure 8. (a) Coverage diagram of the PL. (b) The Figure 9. (a) Coverage diagram of the PL. (b) The
PL as a function of height. (c) The PL as a function PL as a function of height. (c) The PL as a function
of range. of range.

4. CONCLUSION

In this paper, modeling of the HP and VP EM waves radiated by an antenna with specific
characteristics; frequency, radiation pattern, altitude, beamwidth and elevation angles, through standard and
non-standard refractive index of troposphere; over perfectly and finitely conductive mixed surfaces, flat and
non-flat surfaces and forest environment was performed using higher order FDM solution of the 3D PE.
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